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Abstract — An analysis is made of local heat transfer in a thermal entrance region with a fully developed
turbulent velocity profile for various Reynolds and Prandtl numbers. Difference methods are used to
solve the energy equation. The velocity and eddy diffusivities are described by semi-empirical relationships.
The geometrical picture is simple: flow between paralle] plates, one of which is thermally insulated, the
other transmits a known heat flux. Certain comparisons with calculations on laminar flow are made as a
check on the reliability of the numerical method. This also provides an estimate of the influence of turbulence
in the various cases and gives a possibility of judging the validity of approximations. Finally a comparison
with available empirical expressions for fully developed heat transfer is shown.

NOMENCLATURE

2d, width of the channel;

Cps specific heat ;

JO ), function;

q heat flux ;

L, temperature ;

u, velocity ;

i, mean velocity ;

X, Y, coordinates :

o, heat transfer coefficient ;

& eddy diffusivity for heat ;

Erps eddy  diffusivity  for
momentum ;

0 density;

A, fluid thermal conduc-
tivity;

T, shear stress;

kinematic viscosity.

Dimensionless numbers

Nu = 4da/A, Nusselt number;
Pr = vc,p/4, Prandt]l number ;
Re = 4du/v, Reynolds number ;
Pe = Re. Pr, Peclet number ;

ut =u/\/(z,/p),

velocity in the universal
profile;

35

y* = yJ(z,/p)/v, distance from the wall in
the universal profile:

T = t/t,, temperature ;

U = u/q, velocity ;

X = x/d, distance from the begin-
ning of the thermal
entrance region;

Y = y/d, distance from the wall;

AX,AY, AY ", step lengths.

Subscripts

X, defines location;

b, mean

0, initial condition ;

W, wall;

00, fully developed condition ;

INTRODUCTION
THE PURPOSE of this calculation is to give a
description of the heat transfer in a thermal
entrance region. The fluid, which has
temperature-independent properties, flows with
a fully developed turbulent velocity profile
between parallel plates. One of the plates is
thermally insulated and the other transmits a
known heat flux. A standard implicit difference
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method [1] is used to solve the energy equation.
The calculation is primarily intended for fluids
with low Prandtl numbers, i.e. liquid metals, but
the simple problem studied allows examination
of the thermal entrance region over a wide
range of Reynolds and Prandtl numbers
including extremely small distances from the
beginning of the entrance region, as well as fully
developed heat transfer far downstream.

ANALYSIS
The heat transfer section starts at x = 0 and
the channet width is 24 (Fig. 1). Boundary
conditions: No heat transfer g = 0 at the wall
y = 2d and a known heat transfer rate g at the
wall y = 0.
y

q=0
7, Z

y=0 1
7 X=0 { P
q

F1G. 1. Coordinate system.

Entrance conditions: Fully developed turbu-
lent flow with a velocity ¥ = u(y) and a constant
temperature ¢ = t, at x = 0.

Additional assumptions: The Reynolds
numbers are sufficiently large to permit neglect
of natural convection and heat transport in the
direction of the flow for all fluids considered
and in all parts of the channel. Then, the
velocity is sufficiently well approximated by the
universal velocity profile and the wall shear
stress 7,, with the empirical relations

ﬁl
1, = 0046 Re~ 02 5 (1)
and for Re < 50000

—2
7, = 0:079 Re™ 023 “7 @)

where @ is the mean velocity and Re = ‘—‘@

Further, the eddy diffusivity of heat ¢y is
assumed to be equal to the eddy diffusivity of
momentum &,,. The latter is described by means
of van Driest’s model [2] with slight modifica-
tions due to the pressure drop in the channel.
Thus, with u* = u/\/1,/p and y*/1,,/p/v

du® 2(1 — y/d)
dyt 14+ /{1+064y*2
x [1—exp(—y"/26)] (1 — y/d)}

is assumed to apply for y* <30 and the
derivative of the universal velocity profile

du* 25

dy+ - y+
until y/d = 0-8. In the central part of the
channel |1 — y/d| < 02 gy, is kept constant and
equal to the value at y/d = 0-8. This is arbitrarily
chosen in order to avoid the less probable value
of zero at y/d = 1. The velocity—and ez—
profiles are duplicated in the other part of the
channel, 1 < y/d < 2. To indicate the sensitivity
on the heat transfer results of the choice of eddy
diffusivity relation, the equation (3) is used in
the whole channel except in the central part
l 1 — y/d | < 0-2 in some of the calculations. This
means an increase of gy at about 50 per cent in
certain central regions of the passage.

Solution of the energy equation

()

4)

oT ¢ | 4 dey | OT
Ua;?—ﬁ‘y[zzepr R*]a‘y ©)
expressed in the dimensionless quantities
X=x/d, Y=y/d, T=t/ty, U =u/i and

Pr = vc,p/4 gives the temperature field and thus
the local Nusselt number Nu,

_4@T/ey),
* Tl;,x - T

w, X

Nu (6)

where subscript w indicates properties at the

wall Y = 0. The mean temperature is given by
2

T, . =4{T.U.dY. (N

o
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FIG. 2a. Nu, = f[Pe/(x/d)] at Re = 10000. Dotted lines—
&y/v according to equation (3). Dashed lines—¢,,/v = 0.
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F1G. 2b. Nu, = f[Pe/(x/d)] at Re = 100000. Dotted lines—
£x/v according to equation (3). Dashed lines—ey/v = 0.
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FIG. 2c. Nu, = f[Pe/(x/d)] at Re = 1000000. Dotted lines—
£y/v according to equation (3). Dashed lines—ep/v = 0.

The difference solution of equation (5) has been
performed with the step lengths AX = 001, 01
and 1-0 in the x-direction, starting from x = 0.
The step length in the y-direction, starting from
y = 0 has been subjected to the condition that
at least one node should be placed in the
viscous sublayer. In effect, the first step length,
expressed in the coordinates of the velocity
profile, has been chosen Ay = 3or Ay] = 5.
The following step lengths are successively
increased until the step length has reached a
certain maximum value.

RESULTS
The results for some combinations of Re and
Pr are presented in the form Nu, = f(Pe/x/d)
with Pr or Pe as a parameter in Figs. 2 a—c. The
case Re = 10% is an extreme case since measured
velocities starts to deviate somewhat from the

universal velocity profile at such low Re [3].
The curves for each value of the parameter go
with increasing Pe/x/d from the area of fully
developed heat transfer towards an asymptote,
which is a straight line (in the log-log scale)
over a large Pe/x/d — interval and depends on
Reynolds number, that is, on the velocity
profile. The asymptotes deviate from the straight
lines close to x = 0, where the thermal boundary
layer is entirely or to a large extent within the
viscous sublayer.

If the calculation is repeated with the same
turbulent velocity profiles as above, but with
the contribution from the turbulent heat trans-
port omitted (¢ = 0) the asymptotes are
obtained in their full length (the dashed lines in
Figs. 2 a—c and Fig. 3). The deviation from these
asymptotes is consequently due to the influence
of turbulent heat transport on the heat transfer.
The dotted curves are those calculated with
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F1G. 3. The asymptotes for various turbulent velocity profiles
and the limiting casés, constant velocity and parabolical

velocity profile. (ey/v = 0 in all cases.)

equation (3) in the whole passage except
11— y/dl <02

The higher the Reynolds number, the more
the velocity profile approaches the case of
constant velocity over the cross-section (U = 1)
and at lower Re it looks more like a parabolical
profile. A comparison with these limiting cases
(both with gz = 0) is iltustrated in Fig 3. The
parts of the asymptotes that deviate from the
straight line at large Pe/x/d reach ultimately a
slope corresponding to that of the parabolic
limiting case. It seems, thus, to be possible to
extrapolate the curves to x = 0.

It is often assumed that the relative heat
transfer Nu,/Nu,, is larger in liquid metals than
in other fluids with higher Pr. Recently, Chen
and Yu [4] have indicated that this might not
be the case. Figure 4 shows that maximum
relative heat transfer at x/d = 1 occurs at rather
high Prandtl numbers for low Reynolds numbers

and that the maximum moves towards lower
Prandtl numbers when Reynolds numbers
increases. From the same figure it is seen that
there is a reversal of the Reynolds number

"\

ot I

001

Pr

FIG. 4. The relative heat transfer at x/d = 1 as a function of
Pr at various Re.
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dependency for low and high Prandtl numbers.
(The curves in Fig. 4 are interpolated between
calculated points at the Pr given in Fig. 2. The
same tendencies also occur at x/d < 1 and with
some exceptions for x/d > 1)

ESTIMATION OF ERRORS

It is evident that the numerical method is
affected by a “starting effect” that appears as a
calculated Nu, in the first step in the x-direction
that is about 10 per cent too high (this occurs
at all step lengths AX = 0-01, 0-1 and 1-0). This
starting effect diminishes rapidly and is negligible
after the 3—5th step. The effect is distinguishable
and may be corrected for, as the three step
lengths all start from X = 0 and the results
overlap each other on a large part of the x/d
axes if diagrams are plotted in the form of
Nu, = f(x/d). The fact that the curves for
different Pr coincide with the asymptotes indi-
cates that the correction has been performed
properly, the only restriction being that it has
been done in the form of straight lines, which is
seen in Figs. 2 and 3.
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The step length in the y-direction has an
importance at small x/d and large Pr where the
thermal boundary layer is narrow. Initial step
lengths, half as small as the above mentioned
did not give any noticeable change in the
results, but the initial step length Ay; = § made
Nu, 1-2 per cent lower at small x/d and large Pr.

In order to check the accuracy of the calcula-
tions a comparison can be made with other
calculations or with empirical relationships as
far as such are available. Hatton and Quarmby’s
calculation [5] covers a limited part of the
transition region between the entrance section
and the fully developed heat transfer section for
some Re and Pr. Their results agree with those
presented here within the accuracy of the eddy
diffusivity assumptions. Poppendiek’s calcula-
tion [6] for liquid metals is valid for the
boundary condition of ¢, = const. and heat
transfer at both plates. It consequently gives
heat transfer results, which after a similarity
transformation, are seen to be somewhat lower
than those of the present calculation in the
transition region. The approximation of constant
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FIG. §. Fully developed heat transfer. Comparison between
calculated points and empirical relationships.
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velocity over the cross-section makes
Poppendiek’s curves approach an asymptote
corresponding to (Pr/x/d)*. By means of Fig. 3
the error of such an approximation in calcu-
lating Nu, can be estimated.

Seban’s relation [7], valid for fully developed
heat transfer from liquid metals flowing between
parallel plates and the Dittus—Boelter relation
used for fluids with Pr > 0-7 are compared with
the values calculated with the turbulence model
equations (3) and (4) in Fig. 5. If equation (3)
only is used the calculated Nu, would fall
insignificantly above the curve representing
Seban’s relation and agree better with the

dashed line Pr = 1, but fall somewhat above the
dashed line Pr = 10.
DISCUSSION

Excluding the starting effect, whichi has been
corrected for, the numerical treatment does not
seem to have caused errors of such a magnitude
that they are visible in the plotting of the
diagrams.

The only divergence that may be pointed out
with certainty is that of the value of Nu, at
Pr ~ 1 and larger. The reason of this is most
probably to be found in the description of the
turbulent heat transport. The same tendency
may be found in analytical calculations when
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the assumption gg/e,y = 1is used, e.g. [3, 5]. The
remedy usually employed is to put gg/ey & 1-2
over the whole passage or over parts of it,e.g. [8].
This leads to better agreement at Pr ~ 1 but to
larger error at Pr ~ 10. The turbulent transport
assumptions have of course less importance in
calculations with fluids of low Pr with dominant
molecular heat transport. This can be seen in
Fig. 2.
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TRANSFERT THERMIQUE DANS LA REGION D’ENTREE POUR UN ECOULEMENT
TURBULENT ETABLI ENTRE DEUX PLANS PARALLELES

Résumé—On présente une analyse du transfert thermique local dans la région d’entrée pour un profil de
vitesse complétement établi a différents nombres de Reynolds et de Prandtl. Des méthodes aux différences
sont utilisées pour résoudre I'équation d’énergie. La vitesse et les diffusivités par turbulence sont décrites
par des formules semiempiriques. La géométrie est simple: écoulement entre plans paralléles, I'un est
thermiquement isolé, ’autre est traversé par un flux thermique connu. Certaines comparaisons avec des
calculs sur I'écoulement laminaire sont faites pour éprouver la suret¢ de la méthode numérique. Ceci
fournit aussi une estimation de I'influence de la turbulence dans des cas variés et donne une possibilité de
juger la validité des approximations. On donne enfin une comparaison avec des expressions empiriques
existantes pour les transfert thermique établi.

WARMEUBERTRAGUNG IM EINLAUF VON PARALLELEN PLATTEN BEI VOLL
AUSGEBILDETER TURBULENTER STROMUNG

Zusammenfassung—FEs wird eine Berechnung des Srtlichen Wirmeiibergangs in einem thermischen
Einlaufgebiet bei voll ausgebildetem turbulentem Geschwindigkeitsprofil fiir verschiedene Reynolds- und
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Prandtl-Zahlen durchgefiihrt. Die Energiegleichung wird mit Hilfe von Differenzen-Methoden gelost.
Geschwindigkeit und Wirbelleitfahigkeiten werden durch halbempirische Beziehungen beschrieben. Die
geometrische Anordnung ist einfach: Strémung zwischen parallelen Platten, wovon eine thermisch
isoliert ist, wiahrend durch die andere ein bekannter Wirmestrom fliesst. Um die Zuverldssigkeit der
numerischen Methode nachzupriifen. werden bestimmte Vergleiche mit Rechnungen fiir laminare
Strodmung gemacht. Daraus ergibt sich auch cine Abschiatzung tber den Einfluss der Turbulenz in
verschiedenen Fillen und die Moglichkeit, die Giiltigkeit der Ndherungen zu beurteilen. Schliesslich wird
ein Vergleich mit verfiigbaren empirischen Ausdriicken fiir voll ausgebildeten Wirmeiibergang durch-
gefthrt.

TEIIJIOOBMEH BO BXOJHOM YYACTKE IIOJJHOCTBIO PA3SBUTOIO
TYPBYJEHTHOTO IIOTOKA MEKAY ITAPAJIJIEJIbHBIMU IIJIACTUHAMU

AHHOTAIMA—AHAIN3UPYeTCA JOKANBHHIN TeNjJooOMEeH B TeNIOBOM BXOLHOM YYACTHE C
NOJHOCTBIO PAa3BUTHIM NMpO@uieM CKOPOCTH TYpOYJTEeHTHOI'O MOTOKA IIPH PasIMYHBIX YMCIAX
Petinoasaca u Ilpanarasa. JIiA pemleHUs ypaBHeHUA HHEPrHM HCHONB3YIOTCA PA3HOCTHBIE
MeTofinl. [lomysMNupHYeCKHMH COOTHOIEHUAMY ONUCHBAITCA Koaddunuents TypOyaenTHOM
angdysuu. T'eomeTpuueckas KapTHHA NMPOCTA : MOTOK MEMHAY NAPAJIIENbHHIMHU ILIACTHHAMM,
OHA U3 KOTOPBIX TEIJIOM30JMPOBAHA, & K APYroil MOABOAMTCA 3aJaHHBIN TENIOBOH IMOTOK.
IIpoBepeHE OnpeeJIHHEIE CDABHEHUA ¢ PACUETAMH 1O JIAMMHAPHOMY TeYEHUIO Ul IPOBEPKH
HaJeHOCTU YUCIEHHOTO MeTO/la. ATO TaKHe o0ecreduBaeT OLEHKY BINAHUA TYPOYIeHTHOCTH
B PA3NMYHHX CIyYaAX H J3ET BO3MOMKHOCTb CYIMTH O CIPABEAJIMBOCTH IPUGIHMeHNH .
[MokasaHo Tak:ke CpaBHEHUE C UMEIOIUMUCH 9MIMPUYECKIMU BEIPKEHUAMH JJIA NOIHOCTHIO
pasBuTOro reryoobMeHa.



