
Inr J. Hear Moss Transfer. Vol. 15, pp. 35-42. Pergamon Press 1972. Printed m Great Britain 

HEAT TRANSFER IN THE ENTRANCE REGION WITH 

FULLY DEVELOPED TURBULENT FLOW BETWEEN 

PARALLEL PLATES 

B. LECKh’ER 

Department of Steam Engineering, Chalmers University of Technology, 40220 Goteborg 5, Sweden 

(Received 5 November 1970 and in revisedform 5 April 1971) 

Abstract -An analysis is made of local heat transfer in a thermal entrance region with a fully developed 
turbulent velocity profile for various Reynolds and Prandtl numbers. Difference methods are used to 
solve the energy equation. The velocity and eddy diffusivities are described by semi-empirical relationships. 
The geometrical picture is simple: flow between parallel plates, one of which is thermally insulated, the 
other transmits a known heat flux. Certain comparisons with calculations on laminar flow are made as a 
check on the reliability of the numerical method. This also provides an estimate of the influence of turbulence 
in the various cases and gives a possibility of judging the validity of approximations. Finally a comparison 

with available empirical expressions for fully developed heat transfer is shown. 

NOMENCLATURE 

width of the channel : 
specific heat ; 
function ; 
heat flux : 
temperature : 
velocity ; 
mean velocity ; 
coordinates : 
heat transfer coefficient : 
eddy diffusivity for heat ; 
eddy diffusivity for 
momentum ; 
density ; 
fluid thermal conduc- 
tivity : 
shear stress ; 

Y + = Y Jk/b)/v, 

T = t/t,, 
u = u/ii, 
X = x/d, 

Y = yld, 
AX, Al: AY+, 

distance from the wall in 
the universal profile : 
temperature : 
velocity ; 
distance from the begin- 
ning of the thermal 
entrance region ; 
distance from the wall : 
step lengths. 

Subscripts 

x, 
b, 
0, 
W 
00, 

defines location : 
mean : 
initial condition : 
wall ; 
fully developed condition ; 

V? kinematic viscosity. INTRODUCTION 

THE PURPOSE of this calculation is to give a 
Dimensionless numbers description of the heat transfer in a thermal 

Nu = 4dulil, Nusselt number ; entrance region. The fluid, which has 
Pr = vc,p/A, Prandtl number ; temperature-independent properties, flows with 
l?e = 4diilv, Reynolds number ; a fully developed turbulent velocity profile 
Pe = Re.Pr, Peclet number ; between parallel plates. One of the plates is 
u+ = u/ JwP)~ velocity in the universal thermally insulated and the other transmits a 

profile ; known heat flux. A standard implicit difference 
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method [l] is used to solve the energy equation. 
The calculation is primarily intended for fluids 
with low Prandtl numbers, i.e. liquid metals, but 
the simple problem studied allows examination 
of the thermal entrance region over a wide 
range of Reynolds and Prandtl numbers 
including extremely small distances from the 
beginning of the entrance region, as well as fully 
developed heat transfer far downstream. 

ANALYSIS 

The heat transfer section starts at x = 0 and 
the channel width is 2d (Fig. 1). Boundary 
conditions: No heat transfer 4 = 0 at the wall 
y = 2d and a known heat transfer rate ~7 at the 
wall y = 0. 

u 

t 
f7 

x 

FIG. 1. Coordinate system. 

Entrance conditions : Fully developed turbu- 
lent flow with a velocity u = u(y) and a constant 
temperature t = t, at x = 0. 

Additional assumptions : The Reynolds 
numbers are sufficiently large to permit neglect 
of natural convection and heat transport in the 
direction of the flow for all fluids considered 
and in all parts of the channel. Then, the 
velocity is sufficiently well approximated by the 
universal velocity profile and the wall shear 
stress r, with the empirical relations 

ii2 
r, = O-046 P.e- “’ - 

2 (1) 

and for l?e < 50000 

r, = 0.079 ~~-0.25 f 
(2) 

4dii 
where ii is the mean velocity and Re = -. 

v 
Further, the eddy diffusivity of heat 6H is 
assumed to be equal to the eddy diffusivity of 
momentum sM. The latter is described by means 
of van Driest’s model [2] with slight modilica- 
tions due to the pressure drop in the channel. 
Thus, with U+ = ul,/r,l~ and u’Jr,lp!v 

du+ 2(1 - y/d) 
dy+= 1 + J{l + 0.64y+’ (3) 

x [l - exp(-y+!Wl(l - y/d)} 

is assumed to apply for y+ < 30 and the 
derivative of the universal velocity profile 

du+ 2,5 
dy+=y+ (4) 

until y/d = 0.8. In the central part of the 
channel ) 1 - y/d1 < 0.2 Em is kept constant and 
equal to the value at y/d = 0.8. This is arbitrarily 
chosen in order to avoid the less probable value 
of zero at y/d = 1. The velocity-and Q,- 
profiles are duplicated in the other part of the 
channel, 1 < y/d < 2. To indicate the sensitivity 
on the heat transfer results of the choice of eddy 
diffusivity relation, the equation (3) is used in 
the whole channel except in the central part 
11 - y/d) < 0.2 in some of the calculations. This 
means an increase of .sH at about 50 per cent in 
certain central regions of the passage. 

Solution of the energy equation 

expressed in the dimensionless quantities 
X = x/d, Y = yJd, T = t/t,, U = u/U and 
Pr = vc,p//l. gives the temperature field and thus 
the local Nusselt number Nu, 

(6) 

where subscript w indicates properties at the 
wall Y = 0. The mean temperature is given by 

(7) 
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FIG. 2a. Nu, =f[Pe/(x/d)] at I?e = 10000. Dotted lines- 
sM/v according to equation (3). Dashed lines-s,/v = 0. 
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FIG. 2b. Nu, =f[Pe/(x/d)] at Re = 100000. Dotted lines- 
Q/V according to equation (3). Dashed lines-& = 0. 
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FIG. 2c. Nu, =f[Pe/(x/d)] at l?e = 1000040. Dotted lines- 
Q,/V according to equation (3). Dashed lines-&v = 0. 

The difference solution of equation (5) has been 
performed with the step lengths AX = 0.01, 0.1 
and 1.0 in the x-direction, starting from x = 0. 
The step length in the y-direction, starting from 
y = 0 has been subjected to the condition that 
at least one node should be placed in the 
viscous sublayer. In effect, the lirst step length, 
expressed in the coordinates of the velocity 
profile, has been chosen Ay : = 2 or Ay : = $. 
The following step lengths are successively 
increased until the step length has reached a 
certain maximum value. 

RESULTS 

The results for some combinations of P.e and 
Pr are presented in the form Nu, =f(Pe/x/d) 
with Pr or Pe as a parameter in Figs. 2 a-c. The 
case I?e = 10” is an extreme case since measured 
velocities starts to deviate somewhat from the 

universal velocity profile at such low Re [3]. 
The curves for each value of the parameter go 
with increasing Pe/x/d from the area of fully 
developed heat transfer towards an asymptote, 
which is a straight line (in the log-log scale) 
over a large Pe/x/d - interval and depends on 
Reynolds number, that is, on the velocity 
profile. The asymptotes deviate from the straight 
lines close to x = 0, where the thermal boundary 
layer is entirely or to a large extent within the 
viscous sublayer. 

If the calculation is repeated with the same 
turbulent velocity profiles as above, but with 
the contribution from the turbulent heat trans- 
port omitted (eH = 0) the asymptotes are 
obtained in their full length (the dashed lines in 
Figs. 2 a-c and Fig. 3). The deviation from these 
asymptotes is consequently due to the influence 
of turbulent heat transport on the heat transfer. 
The dotted curves are those calculated with 
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FIG. 3. The asymptotes for various turbulent velocity profiles 
and the limiting cases, constant velocity and parabolical 

velocity profile. (EJV = 0 in all cases.) 

and that the maximum moves towards lower 
Prandtl numbers when Reynolds numbers 
increases. From the same figure it is seen that 
there is a reversal of the Reynolds number 

equation (3) in the whole passage except 
I1 -y/dl<O*2. 

The higher the Reynolds number, the more 
the velocity profile approaches the case of 
constant velocity over the cross-section (U = 1) 
and at lower P.e it looks more like a parabolical 
profile. A comparison with these limiting cases 
(both with cH = 0) is illustrated in Fig 3. The 
parts of the asymptotes that deviate from the 
straight line at large Pe/x/d reach ultimately a 
slope corresponding to that of the parabolic 
limiting case. It seems, thus, to be possible to 
extrapolate the curves to x = 0. 

It is often assumed that the relative heat 
transfer NuJNu, is larger in liquid metals than 
in other fluids with higher Pr. Recently, Chen 
and Yu [4] have indicated that this might not 
be the case. Figure 4 shows that maximum 
relative heat transfer at x/d = 1 occurs at rather 
high Prandtl numbers for low Reynolds numbers 

I I I I I 
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PI 
FIG. 4. The relative heat transfer at x/d = 1 as a function of 

Pr at various Re. 
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dependency for low and high Prandtl numbers. 
(The curves in Fig. 4 are interpolated between 
calculated points at the Pr given in Fig. 2. The 
same tendencies also occur at x/d < 1 and with 
some exceptions for x/d > 1.) 

ESTIMATION OF ERRORS 

The step length in the y-direction has an 
importance at small x/d and large Pr where the 
thermal boundary layer is narrow. Initial step 
lengths, half as small as the above mentioned 
did not give any noticeable change in the 
results, but the initial step length Ay: = $ made 
Nu, 1-2 per cent lower at small x/d and large Pr. 

It is evident that the numerical method is In order to check the accuracy of the calcula- 
affected by a “starting effect” that appears as a tions a comparison can be made with other 
calculated Nu, in the first step in the x-direction calculations or with empirical relationships as 
that is about 10 per cent too high (this occurs far as such are available. Hatton and Quarmby’s 
at all step lengths AX = O-01, 0.1 and 1.0). This calculation [5] covers a limited part of the 
starting effect diminishes rapidly and is negligible transition region between the entrance section 
after the 3-5th step. The effect is distinguishable and the fully developed heat transfer section for 
and may be corrected for, as the three step some Z?e and Pr. Their results agree with those 
lengths all start from X = 0 and the results presented here within the accuracy of the eddy 
overlap each other on a large part of the x/d diffusivity assumptions. Poppendiek’s calcula- 
axes if diagrams are plotted in the form of tion [6] for liquid metals is valid for the 
Nu, =f(x/d). The fact that the curves for boundary condition of t, = const. and heat 
different Pr coincide with the asymptotes indi- transfer at both plates. It consequently gives 
cates that the correction has been performed heat transfer results, which after a similarity 
properly, the only restriction being that it has transformation, are seen to be somewhat lower 
been done in the form of straight lines, which is than those of the present calculation in the 
seen in Figs. 2 and 3. transition region. The approximation of constant 
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FIG. 5. Fully developed heat transfer. Comparison between 
calculated points a& empirical relationships. 
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velocity over the cross-section makes 
Poppendiek’s curves approach an asymptote 
corresponding to (Pr/x/d)*. By means of Fig. 3 
the error of such an approximation in calcu- 
lating Nu, can be estimated. 

Seban’s relation [7], valid for fully developed 
heat transfer from liquid metals flowing between 
parallel plates and the Dittus-Boelter relation 
used for fluids with Pr, 2 0.7 are compared with 
the values calculated with the turbulence model 
equations (3) and (4) in Fig. 5. If equation (3) 
only is used the calculated Nu, would fall 
insignificantly above the curve representing 
Seban’s relation and agree better with the 
dashed line Pr = 1, but fall somewhat above the 
dashed line Pr = 10. 

DISCUSSION 

Excluding the starting effect, which has been 
corrected for, the numerical treatment does not 
seem to have caused errors of such a magnitude 
that they are visible in the plotting of the 
diagrams. 

The only divergence that may be pointed out 
with certainty is that of the value of Nu, at 
Pr - 1 and larger. The reason of this is most 
probably to be found in the description of the 
turbulent heat transport. The same tendency 
may be found in analytical calculations when 
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the assumption sH/aM = 1 is used, e.g. [3,5]. The 
remedy usually employed is to put er& x 1.2 
over the whole passage or over parts of it, e.g. [8]. 
This leads to better agreement at Pr x 1 but to 
larger error at Pr x 10. The turbulent transport 
assumptions have of course less importance in 
calculations with fluids of low Pr with dominant 
molecular heat transport. This can be seen in 
Fig. 2. 
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TRAN~FERT THERMIQUE DANS LA REGION D’ENTREE POUR UN ECOULEMENT 
TURBULENT ETABLI ENTRE DEUK PLANS PARALLELES 

Resume-On presente une analyse du transfer? thermique local dans la region d’entree pour un protil de 
vitesse completement btabli a differents nombres de Reynolds et de Prandtl. Des methodes aux differences 
sont utilisees pour rtsoudre I’tquation d’tnergie. La vitesse et les diffusivites par turbulence sont d&rites 
par des formules semiempiriques. La geometric est simple: Bcoulement entre plans paralleles, l’un est 
thermiquement isole, l’autre est traverse par un flux thermique connu. Certaines comparaisons avec des 
calculs sur I’tcoulement laminaire sont faites pour tprouver la surete de la methode numerique. Ceci 
fournit aussi une estimation de l’influence de la turbulence dans des cas varies et donne une possibilitt de 
juger la validite des approximations. On donne entin une comparaison avec des expressions empiriques 

existantes pour les transfert thermique ttabli. 

WARMEUBERTRAGUNG IM EINLAUF VON PARALLELEN PLATTEN BE1 VOLL 
AUSGEBILDETER TURBULENTER STROMUNG 

ZwammenfPssung-Es wird eine Berechnung des Brtlichen Warmetibergangs in einem thermischen 
Einlaufgebiet bei voll ausgebildetem turbulentem Geschwindigkeitsprofl fiir verschiedene Reynolds- und 
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Prandtl-Zahlen durchgeftihrt. Die Energiegleichung wird mit Hilfe von Differenzen-Methoden gel&t. 
Geschwindigkeit und Wirbelleitfahigkeiten werden durch halbempirische Beziehungen beschrieben. Die 
geometrische Anordnung ist einfach : Strijmung zwischen parallelen Platten. woven eine thermisch 
isoliert ist. wahrend durch die andere ein bekannter Warmestrom fliesst. Urn die Zuverlassigkeit der 
numerischen Methode nachzuprtifen. werden bestimmte Vergleiche mit Rechnungen ftir laminare 
Striimung gemacht. Daraus ergibt sich such eine Abschltzung iiber den Einfluss der Turbulenz in 
verschiedenen Fallen und die Miiglichkeit. die Giiltigkeit der Naherungen zu beurteilen. Schliesslich wird 
ein Vergleich mit verftigbaren empirischen Ausdriicken fiir voll ausgebildeten Warmeiibergang durch- 

gefiihrt. 

TEIIJIOOEMEH I30 BXOAHOM YYACTHE HOJIHOCTbIO PABBHTOIO 
TYPBYJIEHTHOI’O HOTOHA MEHQY IIAPAJIJIEJIbHbIMB IIJIACTHHAMH 

AHEOTaqHJr-AHana3npyeTC~ JIOKaJIbHblii TeIIJIOO6MeH B TenJIOBOM BXOHHOM y=IaCTKe C 

nOJIHOCTbIO pa3BIITbIM npO@UIeM CKOPOCTH Typ6yJIeHTHOrO nOTOKa npti pa3JIWIHbIX WfCJIaX 

PetiHOJIbACa I4 npaHATJIfI. AJIH peLIIeHWI YpaBHeHIlFI 3HeprMH HCnOJIb3yIOTCFI pa3HOCTHbIe 

MeTOAbL~OJIy3MnHpWIeCKRMH COOTHOIIIeHAFIMIlOIIMCbIBaIOTCR KOEN#@HI@ieHTbITyp6yJIeHTHOti 

n~~@@yam. FeoMeTplisecKafl KapTHHa npocTa: noToK MexAy napannenbKbmx macTHHam4, 

OAHa 113 KOTOpbIX TeIIJIOI43OJIMpOBaHa, a K ApyrOti nO~BOA&lTCR 3aAaHHbIfi TeIIJIOBOti nOTOK. 

npOBeAeHbIOnpeAeJI&HHbIe CpaBHeHHR C pa&TaMH n0 JIaMIlHapHOMy TeVeHMIO AJIHnpOBepKM 

Ha~e~HOCTIl~~C~eHHOrOMeTOAa.~TOTaKHEeO6eC~e~liBaeTO~eHKyB~llRHARTyp6yJIeHTHOCTL1 

B pa3JIWfHbIX CJIysaHX II AakiT B03MOlKHOCTb CyAI4Tb 0 CnpaBeAJWBOCTM npx6nmKeKd. 

nOKa3aHOTaKxeCpaBHeHMe CMMeIO~liMclCR 3MIIHpWIeCKRMH BbIpaHteHAHMIIAJIR nOJIHOCTbIO 

pa3BkIToro TeIInoo6MeHa. 


